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It is considered that the e ective interaction between any two quarks of a baryon can be
approximately described by a simple harmonic potential. The problem is rstly solved in
Cartesian coordinates in order to nd the energy levels irrespective of their angular mo-
menta. Then, the problem is also solved in polar cylindrical coordinates in order to take
into account the angular momenta of the levels. Comparing the two solutions, a
correspon-dence is made between the angular momenta and parities for almost all
experimentally determined levels. The agreement with the experimental data is quite
impressive and, in general, the discrepancy between calculated and experimental values
is below 5%. A cou-ple of levels of , N, , and present discrepacies between 6:7% and
12:5% [N(1655), N(1440), N(1675), N(1685), N(1700), N(1710), N(1720), N(1990),
N(2600), (1700), (2000), (2300), (1189), (1520), (1672) and (2250)].

. Introduction

There are several important works that deal with the
calculation of the energy levels of baryons. One of
the most important ones is the pioneering work of
Gasiorowicz and Rosner [1] which has calcula-tion
of baryon energy levels and magnetic moments of
baryons using approximate wavefunctions. An-other
important work is that of Isgur and Karl [2] which
strongly suggests that non-relativistic quan-tum
mechanics can be used in the calculation of baryon
spectra. Other very important attempts towards the
understanding of baryon spectra are the works of
Capstick and Isgur [3], Bhaduri et al. [4] Murthy et
al. [5], Murthy et al. [6] and Stas-sat et al. [7]. Still
another important work that attempts to describe
baryon spectra is the recent work of Hosaka, Toki
and Takayama [8] that makes

use of a non-central harmonic potential (called by
the authors the deformed oscillator) and is able to
describe many levels. This present work
describes many more levels and is more
consistent in the char-acterization of angular
momenta and parities of lev-els. It is an updated
version of the pre-print of Ref. [9].

II.  The approximation for the e ec-tive
potential

The e ective potential between any two quarks of a
baryon is not known and thus a couple of di erent
potentials can be found in the literature. Of course,
the e ective potential is the result of the attractive
and repulsive forces of QCD and is completely jus-ti
ed because, as it is well known that the strong
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force becomes repulsive for very short distances,
and thus repulsion and attraction can form a
poten-tial well that can be approximated with a
harmonic potential about the equilibrium point.
Taking into consideration the work of Isgur and
Karl [2] about the use of non-relativistic quantum
mechanics, and considering that the three quarks
of a baryon are al-ways on a plane, we consider
that the system can be approximately described
by three non-central and non-relativistic linear
harmonic potentials. This is a calculation quite di
erent from those found in the literature and
explains almost all energy levels of baryons.

[lIl.  Calculation in Cartesian coordi-
nates and comparison with ex-
perimental data

The initial calculation, in which we have used
Cartesian coordinates, does not, of course, consider
the angular momentum of the system, that is, it
does not take into account the symmetries of the
system. This calculation is important for the iden-

Baryons

ti cation of the energy levels given by the experi-
mental data, and for the assignment of the
angular momenta later on. Also, it allows the
prediction of many energy levels. Since each
oscillator has two degrees of freedom, the energy
of the system of 3 quarks is given by [10]

Enymik =h 1(n + 1) + h 2(m + 1)

+hgk+1) QD
where n; m; k= 0; 1; 2; 3; 4; : : : Of course, we iden-
tify h 1, h 2, h 3 with the ground states of the
corresponding energy levels of baryons, and thus h

1, h 2, h 3 are equal to the masses of constituent
guarks. Since we do not take isospin into account,
we cannot distinguish between N and states, or
between and states. The experimental values for
the baryon levels were taken from Particle Data
Group (Nakamura et al. [11]). The masses of con-

stituent quarks are taken as my = mg = 0:31 GeV,
mg = 0:5 GeV, m¢ = 1:7 GeV, mp =5 GeV, and mg =
174 GeV. We have, thus, the following formu-las

(see Table 1) for the energy levels of all known
baryons up to now:

Formulas for the energy levels (in GeV)

i

En:mk =0:31(n+m + Kk + 3)
En:m:k = 031(n +m + 2) + 05(k + l)
’ En:mk = 0:3L(n + 1) + 0:5(m + k + 2)

En:m:k = 0:5(” +m+k+ 3)

En:m:k = 031(n +m+ 2) + 17(k + l)
Enmik=0:31(n+ 1)+ 0:5(m + 1) + 1:7(k + 1)

Cs» C

CU En:m:k = 0:5(” +m + 2) + 17(k + 1)

Mee En:mek = 0:31(n + 1) + 1:7(m + Kk + 2)

b En-mek = 0:31(n + m + 2) + 5(k + 1)

by b En:mek = 0:31(n + 1) + 0:5(m + 1) + 5(k + 1)
b Enmik=0:5(n+m +2) + 5(k + 1)

Table 1: Formulas for most energy levels of all baryons.

In Tables 1 to 11, Ec is the calculated value by
the above formulas, Ep is the measured value
and the error is given by Error = 100% jE
Ec J=Ec.

Within the scope of our simple calculation, many
levels are degenerate, of course. Further calcula-
tions, taking into account spin-orbit and spin-spin

e ects, should lift part of the degeneracy. We no-
tice that these e ects are quite complex. States

such as 1:70(N)D13 and 1:70( )D33 clearly show
that isospin does not play an important role in the

splitting of the levels. In general, the Error is be-
low 5%.
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L

State(n; m; k) Ec (GeV) Em(GeV) Error(%) 2121 Parity
0; 0; 0 0:93 0:938(N)  0:9 i +
n+m+k=1 124 1:232( ) 0:6 "33 +
n+m+k=2 1:55 1:44(N) 7:1 1 +
n+m+k=2 155 1:52(N) 1:9 “1s
n+m+k=2 1:55 1:535(N) 1.0 "1
n+m+k=2 155 1:6( ) 31 "33 +
n+m+k=2 1:55 1:62( ) 4:5 “a
n+m+k=2 155 1:655(N)  6:7 “u
n+m+k=2 155 1:675(N) 81 “1s
n+m+k=2 155 1:685(N) 87 s +
n+m+k=2 1:55 1:70(N) 9:7 “1s
n+m+k=2 155 1:70( ) 9:7 s
n+m+k=2 155 1:72(N) 11:0 "1 +
n+m+k=3 1:86 1:71(N) 81 i +
n+m+k=3 1:86 1:90(N) 2:2 " 13 +
n+m+k=3 1:86 1:90( ) 2:2 a1
n+m+k=3 186 1:905( ) 24 " 35 +
n+m+k=3 1:86 1:91( ) 2:7 Ta +
n+m+k=3 1:86 1:92( ) 3:2 "3 +
n+m+k=3 1:86 1:93( ) 38 “ss
n+m+k=3 186 1:94( ) 4:3 :33
n+m+k=3 1:86 2:0(N) 75 15 +
n+m+k=4 2:17 1:95( ) 10:1 i +
n+m+k=4 2:17 1:99(N) 8:3 17 +
n+m+k=4 2:17 2:00( ) 7:8 " 35 +
n+m+k=4 2:17 2:08(N) 4:1 “1s
n+m+k=4 2:17 2:09(N) 37 “n
n+m+k=4 2:17 2:10(N) 3.2 "1 +
n+m+k=4 217 2:15( ) 0:9 a1
n+m+k=4 217 2:19(N) 0:9 e
n+m+k=4 217 2:20(N) 1:4 “1s
n+m+k=4 217 2:20( ) 1:4 s
n+m+k=4 2:17 2:22(N) 2:3 1o +
n+m+k=4 217 2:225(N) 25 ‘:19
n+m+k=4 2:17 2:3() 6:0 39 +
n+m+k=5 2:48 2:35( ) 5:2 s
n+m+k=5 2:48 2:39( ) 3:6 "a7 +
n+m+k=5 2:48 2:40( ) 3.2 P30
n+m+k=5 2:48 2:42( ) 2:4 Vs +
n+m+k=6 2:79 2:60(N) 6:8 a1
n+tm+k=6 279 2:70(N) 3:2 Cs o+
n+m+k=6 2:79 2:75( ) 1:4 313
n+m+k=7 3:10 2:95( ) 4:8 Cas +
n+m+k=7 3:10 3:10(N) 0 115
n+m+k=8 3221 ? ? ? ?

Table 2: Energy levels of baryons N and .
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L

State (n; m; k) Ec (GeV) Ewm(GeV) Error (%) 21;2J Parity
0;0;0 1:12 1:116() 0:4 Fo1 +
0;0;0 1:12 1:189( ) 62 :11 +
0;0; 0 1:12 1:193( ) 65 1 +
n+m=1k=0 1:43 1:385( ) 32 13 +
n+m=1k=0 143 1:405( ) 1:7 o1
n+m=1,k=0 1:43 1:48( ) 35 ? ?
0:0; 1 1:62 1:52() 6:2 Zo
0;0;1 1:62 1:56( ) 3.7 Z +
0;0; 1 1:62 1:58( ) 2:5 13
0;0;1 1:62 1:60( ) 1:2 o1 +
0;0; 1 1:62 1:62( ) 0 “n
0;0;1 1:62 1:66( ) 2:5 "1 +
0,0;1 1:62 1:67() 31 o1
n+m=2k=0 174 1:67( ) 4:0 “i3
n+m=2k=0 174 1:69() 2:9 Zos
n+m=2;k=0 1:74 1:69( ) 2:9 ’; ?
n+m=2;k=0 1:74 1:75( ) 0:6 11
n+m=2,k=0 174 1:77( ) 1:7 "1 +
n+m=2,k=0 174 1:775()  2:0 “1s
n+m=2,k=0 174 1:80( ) 34 o1
n+m=2k=0 174 1:81() 4:0 o1 +
n+m=2k=0 174 1:82() 4:6 " o5 +
n+m=2;k=0 174 1:83() 5:2 “os
n+m=1k=1 1:93 1:84( ) 4:7 C13 +
n+m=1k=1 1:93 1:88( ) 2:6 i +
n+m=1;k=1 193 1:89() 2:1 03 +
n+m=1k=1 193 1:915( ) 08 s +
n+m=1;k=1 1:93 1:94( ) 0:5 "1
n+m=3;k=0 2:05 2:00() 25 ’; ?
n+m=3;k=0 2:05 2:00( ) 2:5 11
n+m=3;k=0 2:05 2:02() 1:5 " o7 +
n+m=3;k=0 2:05 2:03( ) 1:0 17 +
n+m=3;k=0 2:05 2:07( ) 1:0 "1 +
n+m=3;:k=0 2:05 2:08( ) 1:5 "1 +
0; 0; 2 2:12 2:10( ) 0:9 “1

0;0; 2 2:12 2:10() 0:9 Sor

0:0; 2 2:12 2:11() 0:5 "o +
n+m=2; k=1 224 2:25( ) 0:5 ? ?
n+m=4,k=0 2:36 2:325() 1:5 o3
n+m=4,k=0 2:36 2:35() 0:4 09 +
n+m=1,k=2 243 2:455( ) 1.0 ? ?
n+m=3 k=1 255 2:585() 14 ? ?

Table 3: Energy levels of and .



IRJA-Indian Research Journal, Volume: 1, Series: 4. Issue: September, 2014
ISSN: 2347-7695 Online Available at www.indianresearchjournal.com

L
State (n; m; k) Ec (GeV) Epm(GeV) Error (%) 21;2) Parity
0;0;3 2:62 2:62( ) 0 ? ?
n+m=5k=0 2:67 ? ? ? ?
n+rm=2; k=2 2:74 ? ? ? ?
n+rm=4;k=1 2:86 ? ? ? ?
n+m=1;k=3 2:93 ? ? ? ?
n+m=6;k=0 2:98 3:00( ) 0:7 ? ?
n+m=3;k=2 3:05 ? ? ? ?
n+m=0;k=4 3:12 ? ? ? ?
n+m=5k=1 3:17 3:17() 0 ? ?
n+rm=2;k=3 3:24 ? ? ? ?
n+rm=2;k=3 3:29 ? ? ? ?
Table 3 (Cont.): Energy levels of and .
L

State (n; m; k) Ec (GeV) Ewm(GeV) Error (%) 2523 Parity
0;0;0 1:31 1:315( ) 0:5 1 +
0;0;0 1:31 1:321( ) 0:8 11 +
1;0; 0 1:62 1:53 5:6 "3 +
1;0;0 1:62 1:62 0 ? ?
1;0;0 1:62 1:69 4:3 ? ?
n=0;m+k=1 1:81 1:82 0:6 "1

2;0;0 1.93 1.95 1.0 ? ?
n=1m+k=1 212 2:03 4:2 ? ?
n=1m+k=1 212 2:12 0 ? ?
n=3;m=k=0 224 2:25 0:5 ? ?
n=0;m+k=2 231 2:37 2:6 ? ?
n=2;m+k=1 243 ? ? ? ?
n=4m=k=0 255 2:5 2:0 ? ?
n=1m+k=2 262 ? ? ? ?

Table 4: Energy levels of .

State (n; m; k) Ec (GeV) Em (GeV)  Error (%)
0;0;0 1.5 1.672 11:17
n+m+k=1 2:0 2:25 12:5
n+m+k=2 25 2:38 4:8
n+m+k=2 25 2:47 1:2
n+m+k=3 3.0 ? ?

Table 5: Energy levels of .

State (n; m; k) Ec (GeV) Ewm(GeV) Error (%)
0;0;0 2:32 2:285 1.5
n+m=1;k=0 2:63 2:594 0:1
n+m=1;k=0 2:63 2:625 0:2
n+m=2;k=0 2:94 ? ?

Table 6: Energy levels of ¢.
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State (n; m; k) Ec (GeV) Em (GeV)  Error (%)
0;0;0 2:51 2:46( ) 2:0
0;0;0 2:51 247(") 1:6
1,0;0 2:82 2:79 11
1,0;0 2:82 2:815 0:2
0;1;0 3:.01 2:93 2:7
0;1;0 3.01 2:98 1:0
0;1;0 3:.01 3:055 1.5
2;0;0 3:13 3:08 1.6
2;0;0 3:13 3:123 0:2
1,1;0 3:32 ? ?
3;0;0 3:44 ? ?

Table 7: Energy levels of .

State (n; m; k) Ec (GeV) Em(GeV) Error (%)

0;0;0 2:7 2:704 0:2
n+m=1k=0 3:2 ? ?
n+m=2;k=0 3.7 ? ?

Table 8: Energy levels of .

State (n; m; k)

Ec (GeV) Em(GeV)

Error (%)

0;0;0 5:62 5:6202 0:004
n+m=1,k=0 5:93 ? ?
n+rm=2;k=0 6:24 ? ?

Table 9: Energy levels of Ob.

State (n; m; k) Ec (GeV) Em (GeV)  Error (%)
0;0;0 5:81 5:79( ) . 0:2
0;0;0 5:81 5:79(p) 0:2
1;0;0 6:12 ? ?

0;1;0 6:31 ? ?

Table 10: Energy levels of p.

State (n; m; k) Ec (GeV) Em(GeV) Error (%)

0;0;0 6:0 6:071 1:2
n+m=1;k=0 65 ? ?
n+m=2;k=0 7.0 ? ?

Table 11: Energy levels of .
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We can predict the energy levels of many
heavy baryons, probably already found by the
LHC or to be found in the near future. There are,
for example, the baryon levels (in GeV):

scC, En:m:k = 0:5(n + 1) + 1:7(m + k + 2);
ccC, Enmk=L7(n+m+ K+ 3),

ccb, Enm:k = 1:7(n+ m + 2) + 5(k + 1);

cbb, Enm:k = 1:7(n + 1) + 5(m + k + 2);
etc.

IV.  Calculation in polar cylindri-

cal coordinates and comparison
with experimental data

In order to take into account angular momentum
and parity, we have to use spherical or polar coor-
dinates. Since the 3 quarks of a baryon are always
in a plane, we can use polar coordinates and choose
the Z axis perpendicular to this plane. Now the
eigenfunctions are eigenfunctions of the orbital an-
gular momentum. Thus, we have three oscillators
in a plane and we consider them to be indepen-
dent. Using again the non-relativistic approxima-
tion, the radial Schreodinger equation for the sta-
tionary states of each oscillator is given by [12,13]

h* @° 1@ m
2 e +@ @ °
1
+7'° © Rem() = EREm() )

where my is the quantum number associated with
Lz, isthe reduced mass of the oscillator, and

I is the oscillator frequency.  Therefore, we have
three independent oscillators with orbital angular

momenta L1, L and L3 whose Z components are
Lz1, Lz2 and Lz3. Of course, the system has total

. and

orbital angular momentum L = Ly + L2

each Lj has a quantum number |; associated with

it. The eigenvalues of the energy levels are given
by [12,13]

E =(2ry +jmz1j + 1h 1+ (2r2 + jmzz) + 1)h 2

+(2r3 +jmzzj + 1)h 3 (3)

in whichrj = 0; 1; 2; : : : and it is a radial quantum

tion (3) with equation (1), we have n = 2r1 +jmyqj; m
= 2rp +jmyoj; k = 2r3 +jmy3j. Let us recall that

if we have three angular momenta L1 and L3

associated to the quantum numbers |y, Iz and I3,

the total orbital angular momentum L is described
by the quantum number L given by

, L2

lp+lx+13 L jili 1o I3] (4)

where |1 jmzaj; 12 jmz2j; 13 jmz3).

Because the three quarks are on a plane, only r;
and myj are good quantum numbers, that is, lj are
not good quantum numbers and their possible val-
ues are found indirectly by means of myj due to the
condition [ myj. This means that the upper val-
ues of | cannot be found from the model, and as a
consequence, the upper value of L cannot be found
either. We only determine the values of L compar-
ing the experimental results of the energies of the
baryon states with the energy values calculated by
Enmk. This is a limitation of the model. The other
models have many limitations too. For example,
in the Deformed Oscillator Model some quantum
numbers are not good either and are only approxi-

mate and there is not a direct relation between N
and L where N is the total quantum number. In

a certain way, a baryon is a tri-atomic molecule of
three quarks and thus some features of molecules

may show up and that is indeed the case.

Taking into account spin, we form the total angu-
lar momentumJ =L +S whose quantum numbers
are J =L swhere s =1=2; 3=2. As we will see,

we will be able to describe almost all baryon levels.

As in the case of the rotational spectra of tri-
atomic molecules [14], due to the couplings of the
di erent angular momenta, it is expected that there

should exist a minimum value of J = K for the to-
tal angular momentum and, thus, J should have
the possible values J=K; K+ 1; K+ 2; K+ 3;:: ..
But in the case of baryons, this feature does not
always appear to happen.

i. Baryons N and

We will classify the levels according to Table 1 and

takeJ=L 1=2orJ=L 3=2().
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a. Level(n=m=k=0;0:93 GeV)

The rst state of N is the state (n = m = k = 0) with
energy 0:93 GeV. Therefore, in this case 11 = Io =
I3 = 0 and thus L = 0. This is the positive parity
state P11

L N Parity
0 0:938P11 +

b. Level(n=m=k=1, 1:24 GeV)

This is the rst state of . Asn+m + k=1, we have
2r1 +jmz1j+2rp +jmzpj+2r3 +jmz3j = 1, and thus
jmzaj + jmzoj + jmzzj = 1, and I3 + 12 + 13 1, and
we can choose the sets jmz1j = 1, jmzj = jmz3j =
0; jmz2j = 1, jmz1j = jmz3 j = 0; jmz3j = 1, jmz1 j =
jmzoj=0,andly =1;lp=13=0o0rlo=1;l1 =13 =
0 or still I3 =1; 17 =12 = 0 which produce L 0
(ground state) and thus the level

L N Parity
0 1:232P33 +

c. Level(n=m=k=2;1:55GeV)

Inthiscase n=m=k=2=2r1 + jmz1j + 2ro +
jmzoj+2r3 +jmz3j. This means that jmzqj+jmzoj+
jmz3j = 2; 0 and we have the sets of possible
values of I1; Ip; I3

l1;10;13 2;0;0 0;2;0 0;0;2 1;1;0
L 2 2 2 0;1;2
I1; 12,13 1;0;1 0;1;1 0;0;0
L 0;1;2 0;1;2 0

in which the second row presents the values of L

that satisfy the condition I +12+132; 0. As 2is a
lower bound, we can also have L = 3. There are,
therefore, the following possible states

L N Parity
0 1:44Pq1 1.6P33 +
1 1:535S77; 1:655S17 1:62S31
1:52D13; 1.7D13
2 1.72P13 ? +
1:685F15
3 1:675D15 1:70D33

d. Level(n=m=k=23; 1:86 GeV)

Sincen=m=Kk=3=2r1 +mgz1j + 2rp + jmyoj +
2r3 +Jmz3j, jmz1j + jmz2] + jmzgj = 3; 1, and thus
I1 + 12 + I3 3; 1. We have, therefore, the pos-
sibilities L = 4; 3; 2; 1; 0 because of the condition
L jjl1 I7j I3j and we can arrange the levels in the
form

L N Parity
0 1:71Pq7 1:91P3; +
1 1:90S31
1:93D35
2 1:90P13 2 +
2:.0F15 +
3 1:92P33; 1:94D33
4 1:905F35 +

e. Level(n=m=k=4,;2:17 GeV)

This energy level is split in many close levels.
Fol-lowing what we have done above n=m=k =

4 =2r1 +jmgzaj + 2r2 + jmzoj + 2r3 + jmzzj, which
yields jmz1j + jmzoj + jmz3j = 4; 2; 0, and thus |1 +
lo + I3 4; 2; 0. We have therefore for L the

possible values L = 6; 5; 4; 3; 2; 1; 0 and the
follow-ing assignments

L N Parity

0 2:10Py7 7 +

1 2:09S71 2:15S371
2:08D13

2 1:.95F37 +

3 2:20D15 7
2:19G17

4  2:22H19  2:00F35 +

5 2:225G1g9 2:20G37

6 2:30H39 +

f. Level (n=m=k=05;2:48 GeV)

Doing as above n =m = k= 5 = 2ri+jmy1j+2ro+
jmz2j+2r3 + jmzgj, and thus jmz1j+ jmz2 j+ jmz3j =
5;3; 1. Thatis, I1 + 12 + 13 5; 3; 1, and so we may
have L = 5; 4; 3; 2; 1; 0 because of the conditions
L jjl1 Ioj 13 j and |j jmgjj. Experimentally, though,
we note that K = 1, and hence we have the
possible arrangement of levels
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L N Parity
1 2:35D35

2 2:39F37 +

3 2:40G3g

4 2:42H3.11 +

5 ?

g. Level(n=m=Kk=6;2:79 GeV)

Wehave n=m =k =6 =2r1 + jmz1j + 2rp + jmy9j
+ 2r3 + jmzgj and so jmzij + jmzo] + jmz3j = 6; 4;
2;0andthusly + 1> +136; 4; 2; 0, and L can be L
=6; 5; 4; 3; 2; 1; 0, but, from the experimental
values, we note that K = 5 and so there are the
possible states

L N Parity
5 2:60l1:17 2:75l3:13
6 2:70Ky13 ? +

h. Level(n=m=k=7;3:10 GeV)

Fromn=m=Kk =7 = 2r1 + jmgj + 2rp +
jmz2j+2r3 + jmzgj we obtain jmzij+jmzoj+jmz3j =
7;5;3;1and hence I{ + 12 +13 7; 5; 3; 1, and
thus the possible values for L are L =7, 6; 5; 4; 3;

2; 1; 0, but we note that K = 7. Therefore, we
have the list of states

L N Parity
6 2:95K3.15 +
7 3:10L1q5 7

ii. Baryons and

We will classify the levels according to Table 2.
Again J =L 1=2.

a. Level(n=m=k=0;1:12 GeV)

In this state 11 =I> = I3 =0 and thus L = 0 and we
have the state

L Parity
0 1:189( 0 )P11; 1:116Pg; +
1:193( )P11

b. Level(n=m=k=1,; 1:43 GeV)

From n=m = 1; k= 0 we obtain 2r1 + jmz1j + 2ro
+ jmzoj = 1 and 2r3 + jmz3j = 0 which make jmy4j
+ jmzpj = 1 and jmz3j = 0. That is, we have the

condition 17 + I 1; I3 O which allows us to have
the possibilities L = 0; 1; 2 and the states

L Parity
0 +

1 2 1:405Sp1

2 1.358P13 ? +

Thus, the most probable values of L for the state
1:48() are L = 0; 1. Maybe K = 1 in this case and
thus L = 0 may be suppressed.

c. Level (0; 0; 1; 1:62 GeV)

Forn=m=0and k =1 we have jmz1 j = jmzpj =
0 and jmz3j = 1. That is, we have the condition |1
0; 12 0; I3 1 which allows us to choose I1 =12 = 0;
I3=1;11=13=1;12=0;11=0; I =13 =1, and
thus L 0; 1; 2, and the states

L Parity

0 1.66P17 1:60Pgp1 +

1

1:62S17 1.67Sp1
1:58D13 1:52Dq3
? ?

2 +

d. Level(n+m=2;k=0; 1:74 GeV)

In this case n + m = 2 = 2r1 + jmz1j + 2r2 + jmzoj

and k = 2r3 + jmz3j = 0, and thus we obtain jmz1j

+ jmzoj = 2; 0 and jmz3 j = 0. Thus, we have the

conditions 11 + I2> 2; 0 and I3 0. We can then

choosel1=lo=13=0;11=12=1;13=0;11=2; I»
I

=l3=0;1p=2;11=13=0;11=3;l2=13=0, and
we may have thus L = 0; 1; 2; 3 and the
assignments

L Parity

0 L1.77P1p 1:81Pg1 +

1 1:75S71 1:80Sp1

1:67D13  1:69Dg3
2 7 1:82Fgp5 +
3 1:775D15 1:83Dgs

We can then say that the state 1:69( ) is prob-
ably a F15 state.
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e. Level(n+m=1; k=1, 1:93 GeV)

We have n + m =1 =2r1 + jmz1 j + 2rp + jmyoj
and k = 2r3 + jmz3 j = 1, from which we ob-tain
imz1j + jmzoj = 1 and jmz3j = 1. Hence, we have
the condition 11 + 12 1 and I3 1. We can then have
thesetsly =1;1o=0;I3=1,;

1=0;1p=1;13=1. Bothyield L 2; 1; 0 and
thus we identify the states

L Parity

0 1:88P17 ? +

1 1:94D13 ?

2 1:84P13 1:89Pgp3 +
1:915F15 +

f. Level (n+m=3;k=0; 2:05 GeV)

Withn+m=3=2r1 +jmzqj + 2ro + jmzoj and k =
2r3 + jmz3 j = 0 we obtain jmz1j + jmzpj = 3; 1 and
jmz3j = 0, and thus the conditions 11 +l2 3; 1 and

I3 0 which yield L 4; 3; 2; 1; 0, and the pos-sible
identi cation taking into account that maybe K =1

L Parity

1 2:00S17 7

2 2:08P13 ? +
2:07F15

3 ? ?

4 2:03F17 2:02Fg7 +

g. Level (0;0; 2; 2:12 GeV)

In this case n = 0 = 2r1 + jmz1j, m =0 = 2rp +
jmzoj and k = 2 = 2r3 + jmg3j and thus jmz1 j =
jmzoj = 0 and jmz3j = 2; 0. Hence, we have the
condition I1 0; 1> 0 and I3 2; 0.

We can then choose the sets |1 =l =13 =0;
I1 =0;lp =0;13 =2;11 =0;12 =0;13 =3;
l1=lb=l3=111=1>=1;l3 = 0 which make
L 3; 2; 1; O, and probably K = 2. Hence, we have
the possible states

L Parity
2 ? 2:11Fgs +
3 2:110G17 2:10Gg7

h. Level(n+m=4;k=0; 2:36 GeV)
From n+m =4 = 2r1 +jmy1j+2r2 +jmzoj and k =
2r3 +jmz3j = 0 we obtain jmz1j+jmzoj = 4; 2; 0 and

jmz3j = 0, and thus the conditions 11 + | 4; 2; 0

and I3 0 which produce L 4; 3; 2; 1; 0, and the
possible identi cation

L Parity
0

1 2:325Dg3

2 ?

3 ?

4 2:35Hpg +

Probably in this case K = 1 and the levels with
L = 2; 3 are missing just because of a lack of ex-
perimental data. It appears that there is no state
of .

V. Discussion and conclusion

One can immediately ask about the spin degrees of
freedom of the three quarks since the spin-spin
interaction makes a contribution to the mass. We
can say that we took care of part of it because the
formulas of the energy levels depend on the three

parameters h 1, h 2 and h 3 which are assigned
according to the masses of the constituent quarks
which have already taken into account the spin-spin
interaction because the masses of constituent
qguarks are in perfect agreement with the ground
state levels of baryons. Of course, the spin-spin in-
teraction contribution depends on the energy level
as is well known from the bottomonium spectrum,
for example. But, as it is seen in the spectrum of
bottomonium, the spin-spin contribution dimin-ishes
as the energy of the level increases. In bot-
tomonium, the di erence between the energies of

p(1S) and (1S) is about 69:4 MeV, while be-tween
p(2S) and (2S) it is about 36:3 MeV, and between
p(3S) and (39) it is about 25:2 MeV, where we have

used, for the energies of p(2S) and pK(3S), the
predicted values from reference [15], 9987:0 MeV
and 10330 MeV, respectively. In the case of
baryons, the spin-spin interaction varies from 15
MeV to 30 MeV for levels of N; ; and [16].
Therefore, we observe that the spin-spin inter-action
is of the order of magnitude of the splitting beween
neighboring levels. For example, the mea-sured

energy of the D13 level of N is 1:52 MeV, while our
calculated value is 1:55 MeV, and thus the di
erence is 0:03 GeV= 30 MeV which is of the order
of the spin-spin interaction. And that is why
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there are large discrepancies in the calculation of
the lowest levels of because in this case all quark
spins are parallel and thus, the total spin-spin con-
tribution is larger than in other baryons in which two
spins are up and the other spin is down. For the
lowest state of , the discrepancy is about 1:672 GeV
1:5 GeV = 0:172 GeV = 172 MeV. This is actually
the worse calculation. But we either con-sider the
mass of constituent quarks or we try to nd tentative
values for the masses of quarks like is done in QCD
models which use a quite di erent range of arbitrary
quark masses. The use of the constituent quark
mass is completely justi able in our case because
we do not attempt to calculate at all the splitting
between neighboring baryon levels. Such
calculation can be made in the future upon
improving the present model.

We only addressed the angular momenta of N;
; and due to a lack of experimental data for the
other baryons. Of course, the staten=m=1=0
is missing for the particle because this cor-
responds to the ground state of the nucleon.

We notice that the simple model above describes
almost all energy levels of baryons. The splitting for

a certain L is quite complex. Sometimes, there is
almost no dependence on spin, such as, for ex-

ample, the states of with L = 2, 2:08P13 and
2:07F15. On the other hand, the states of with the

same L = 2, 1:84P13 and 1:915F;5, present a
strong spin-orbit dependence. It can just be a mat-
ter of obtaining more accurate experimental results.

It is important to observe that part of the split-ting
is primarily caused by the spin-orbit interac-tion and
is very complex because, in some cases, it appears
to be the normal spin-orbit and, in other cases, it
appears to be the inverted (negative) spin-orbit. In
the simple model above, the oscil-lators were
considered approximately independent but there
may exist some coupling among them and this can
contribute to the splitting of levels. As we have
discussed in the rst paragraph, part of the splitting
should be attributed to the spin-spin interaction
which was not taken into account in a detailed way.
Of course, part of it was consid-ered inside the

values of the three parameters h 1, h 2 and h 3
which are taken as the masses of the three
constituent quarks of a given baryon. It is important
to observe that the discrepancy between calculated
and measured values diminishes as the energy
increases. This fact shows that the splitting

is mainly caused by the spin-spin interaction.

Another important conclusion is that with the
simple model above we cannot calculate the
values of K, and from the above results we note
that it is a quite di cult task because there
appears to exist no pattern with respect to this.
As in the case of triatomic molecules, the values
of K are found from the experimental data.

As we notice, in the above tables the increase
in the energy of levels allows the existence of
higher values of L (and J). This is an old fact and
is so because equation (3) has a linear

dependence on jlzjj.

For experimentalists, the classi cations above
are very important and can help them in the pre-
diction of energies and angular momenta of
levels. An old version of this work that appeared
in Ref. [9] predicted the energies of all levels
which have lately been reported, and this is a

very important fact. For example, for ¢ it predicted
the levels (on page 8 of [9]) with energies 2:82,
3:01 and 3:13, and since 2002 the following
corresponding levels of . have been found:
2:815, (2:93; 2:98; 3:055); (3:08; 3:123).

As it is well known, the rst order correction

term of anharmonicity in an oscillator for each de-
gree of freedom is of the form

1

E=Ap+ 2 (5)

where A is a constant and p is a non-negative inte-
ger (p =0; 1; 2; 3; :::). Therefore, the calculated
en-ergies of levels with high quantum numbers
would be away from the experimental values. This
is not observed above and, thus, the anharmonicity
should be quite low. For example, for n+m+k = 7 of
N we obtain that the experimental and calcu-lated
values are the same (3:10 GeV). In the case of , we
have the same kind of behavior because for (n+m =
5; k = 1) we also have the same calculated and
experimental value for (3:17 GeV).

The assignments of the angular momenta for
some few levels are only reasonable attempts. It is
the case, for example, of the level 2:0F15 of N
which can belong to either the (n + m + k = 3) or to
the (n + m + k = 4) levels. We chose the former
because 2:0 is closer to 1:86 than to 2:17. For the
level 1:99F17 we chose the (n + m + k = 4) level
because it appears that the highest value of J
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for the level (n + m + k = 3) is 5. It is a strange
feature that the level (n + m + k = 5) only con-tains

s . Having in mind what has been justi ed above,
we chose the 2:35D35 level of belonging to (n+m-+k
=5) as 2:35 is closer to 2:48 than to 2:17. The level
2:60l7:11 of N was assigned as belonging to (n + m
+ k = 6) because its energy is between 2:55 GeV
and 2:75 GeV. The level 1:74D43 of was chosen as
belonging to (n + m = 2; k = 0) because (0; 0; 1)
already has a D13 level for (1:58). We made similar
considerations in the choice of the lev-els 1:83(
)Dos, 1:84( )P13 and 1:94( )D13. These ambiguities
will be settled either with data with smaller widths or
with a more improved model.

Some levels are not described by the simple
ap-proximation above. It is the case, for instance,
of (1530)P13 which is probably a composite of (0;
0; 0) (1:31) with a pion excitation (that is, it is a
hadronic molecule). Its decay is actually (1:31) .
In the same way, the state (2455) ap-pears to
be a composite state of (2285) and a pion
excitation. The same appears to hold for the
other known states of ¢.

As a whole, the model describes quite well the
baryonic spectra but it is far from describing the
detailed splitting which appears to be quite com-
plex and may depend on the spin-spin interaction. It
does not provide a way of calculating the values of
K. With the acquisition of more data from other
baryons, we may be able to nd more patterns and to
improve the model. Due to the complexity of the
problem, we will probably have to go back and forth
several times in the improvements of the model as it
has been done in the description of the molecu-lar
spectrum of molecules. But it is still the only model
that describes almost all levels of baryons in a
consistent way and is able to predict the energies of
levels yet to be found experimentally.
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