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A Study on Spinodal Decomposition

Abstract: Phase separation may occur in a way that the growth is not in extent but in
amplitude. Only in the unstable region such a procedure is thermodynamically feasible. In a
phase diagram the unstable region is defined by the spinodal. When a system has crossed this
locus, phase separation occurs spontaneously without the presence of a nucleation step. This
process is known as spinodal decomposition and commonly results to a high interconnectivity
of the two phases. The Cahn-Hilliard equation describes the kinetics of the process. In this note

both processes (nucleation and spinodal) are depicted schematically.
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A pair of partially miscible liquids, i.e. liquids that do not
mix in all proportions at all temperatures, shows in a tem-
perature-composition diagram a miscibility gap where
phase separation occurs. Gibbs [1] showed that the
condition for stability (or metastability) in respect to
continuous change of phase is that the second derivative of
the free energy of mix-ing to be positive. If negative, the
system is unstable. If zero, the spinodal is defined. The free

energy of mixing, G™ has the following general form:

Gmix =Hmix=-T S mix |

For the regular solution model [2] the entropy of mixing is the
same as for the ideal mixing; S™" =-R(XalnXa+XInX g),
where X and Xg are the molar fractions of components A
and B in the mixture (Xa+Xs=1). However, the enthalpy of

mixing may be written as H™*=XaXgB, where B is an in-
teraction parameter lumping the energy of mixing contribu-
tion [3]. Under these assumptions, eq.(1) becomes:

G =XaAXgB+RT(XaINXA+XgInXg).

Figure 1. A phase diagram with a miscibility gap (lower frame) and a
diagram of the free energy change (upper frame). The phase diagram is the
temperature versus the molar fraction of a component e.g. Xg . Note that the
diagram is symmetrical around xg=0.5 which is the case of the regular
solution model. Line (1) is the phase boundary. Above this line the two
liquids are miscible and the system is stable (s) . Below this line there is a
metastable region (m). Within that region the system is stable to small
fluctuations but is unstable to large fluctuations. Line (2) is the spinodal.
Below this line the system is unstable (u). Regions (m) and (u) constitute
the miscibility gap. Within that gap the system turns from one phase to a
two-phase system. Temperature (T.) is the upper consolute temperature.
Above this temperature the two liquids are miscible in all proportions. At a
given temperature (T) the tie line (4) cuts the phase boundary and the

spinodal at points (a, ¢) and (b, d), respectively. The

changes in the free energy of mixing ( G), at this given temperature, in
respect to xg are shown by line (3) in the upper frame. Se%mentsz(ab)
and (cd) correspond to a positive second derivative of G, 0 ~ G/xg~ >0,
while segment (bd) to a negative one, & G/XBZ<O. At points (b) and
(d) & Gixg=0.
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Figure 2 (left). The nucleation and growth process. The columns repre-sent
two adjacent local regions in the solution denoted as “left” and “right” and
the rows five stages of the system denoted by numbers 1, 2, 3, 4, 5; where
the first three stages show what will happen when a small fluctuation
occurs and the last two when a large fluctuation takes place. Black dots

represent one of the two components e.g. B. In the 1% row

the solution has been brought in to the metastable region and at the

moment there is not difference in the local concentrations; Cg*"=Cg oM,

In the 2™ row an infinitesimal fluctuation causes a concentration differ-

right

ence, such as Cgleﬁ>CB , and therefore diffusion is expected to take

place between left and right localities. In the 3™ row the expected diffu-

sion results to Cg**™=C g"9™. Diffusion takes place from left to right i.e.

from higher to lower concentration (down-hill) and the system comes back
to what is depicted on the first row. In the 4 " row a large fluctua-tion

causes the formation of a nucleus of a critical size. For presentation

reasons, the figure was drawn such as all component B on the left region is

spent to form that nucleus; therefore Cg'*"=0<Cg"™. Down-hill diffu-

sion takes place now from right to left; note, that the higher concentra-tion
is on the right, the nucleus does not intervene. Once some B reach-es to the
left is arrested by the nucleus that grows (5 th row). Phase sepa-ration
occurring in this way is known as nucleation and growth and the

fingerprint of that mechanism is the formation of a nucleus.

Figure 3 (right). The spinodal decomposition process. The columns
denoted as “left” and “right” represent two adjacent local regions in the
solution and the rows denoted by numbers “1, 2, 3, 4, 5,” represent five
stages of the system. Black dots represent one of the two components e.g.

B. Note that rows 4 and 5 represent some final stages of the process.
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The drawing on the 4" row is produced by repeating the 3% rowtoan x - y
plane. The 5" row is produced from the 4" row by artwork. The col-umn
denoted as “density” represents the density profile of the system at a given
stage. In the 1% row the solution has been brought, very care-

fully, in to the unstable region. This carefulness is shown in a way that
there is not difference in the local concentrations; Cg'*=C 5" Since
there is not concentration gradient, no diffusion between left and right takes
place; the solution remains at the moment one-phase system. The density of
the system at this stage has a flat profile equal to an average value, let say
po- In the 2" row an infinitesimal fluctuation causes a concentration
difference, such as Cg "*>Cg"™, and therefore diffusion is expected to
take place between left and right localities. The density of the system has
now a wavy profile with maxima and minima around the

average densit}l. In the third row the expected diffusion process results
to Cg>>Cg o™ however. Diffusion does not take place from left to
right i.e. from higher to lower concentration (downhill), but oppositely
from right to left i.e. from lower to higher concentration (uphill). Note
that if diffusion was taken place normally from left to right (downhill) it
would result to Cg"*=Cg"9™: i e. the system would be gone back to what
is depicted on the first row. This can not be happened because is the
case of a stable system; i.e. contradicts the initial statement that the
system is already in the unstable region (compare also with Fig.2 to
see the difference). The density is large in extent but small in degree;
the arrows show the diffusion direction. As diffusion progresses the
density increases until it reaches a point where becomes equal to the
density of pure B (rows 3-5). Phase separation that occurs in this way
is known as spinodal decomposition and the fingerprint of that
mechanism is the uphill diffusion.

The miscibility-gap and spinodal-region boundaries are ob-
tained by calculating the first and second derivatives of the

free energy, respectively, and setting them equal to zero.

XA‘XB ﬁ
— = A 7P . AXaXp:To=Lt 3
T ,T AAB C ()

c InXp-InXg ¢ 2R

In Fig.1 (upper frame) it can be seen that the first deriva-

tive is zero at the two free energy minima corresponding to

the two miscible phases and the second derivative is zero at the
points of inflexion. Also, both derivatives are zero at the free
energy maximum. For a series of temperatures, the lo-cus of
the free energy minima projected on a temperature-
composition diagram defines the phase boundary and the locus
of the points of inflexion the spinodal (see lower frame in
Fig.1). The maxima coincide to the upper consolute tem-
perature T, at Xg=0.5. Phase separation occurs when the
system is within the miscibility gap. If the system is in the
metastable region the mechanism is by nucleation and
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rowth whereas if it is in the unstable region by spinodal
ecomposition.

Figure 2 depicts the nucleation and growth mechanism

where f is the free energy density of homogeneous material of
composition e.g. Cg, M is a positive constant [8], and «k is a

. - - positive parameter. The first term on the right hand side of eq.(6)
[4]. Gibbs (Ref.1 p.254) discussed the possibility of the for- is the classical diffusion equation where the coeffi-cient of

ma.tion of a fluid of different phase Within_ any homogeneous ¢, CB is the diffusion coefficient D Smce M>0 the 5|gn of D
fluid and showed that the work W required to form (by & .y e determined by the sign of 92//0C%s. When &°f/0C%g>0
reversible process) an hgter_og_e_neous glob_ule in the interior o ooyytion is stable D>O and diffusion (if any) occurs
ofa\_/ery large mass having initially the uniform phase of the /v When & f/aC 5<0 the solution has crossed the
exterior mass will be: spinodal and is unstable, D<0, and diffusion takes place uphill. It
is noted, however, that the second term on the right hand side of
4 eq.(6) (i.e. the fourth-order term) stabilizes the
2 3

W=4mr y—3mr P,

4

system against short distance scale fluctuations when & f/@CZB<O.
Uphill diffusion and consequently spinodal de-composition requires
a large enough distance scale fluctua-tion (i.e. to move mass over
long distances).

where v is the surface tension, r is the radius of the nucleus,
and P is the hydrostatic pressure. In the case where a criti-
cal nucleus is formed the first derivative of eq.(4) becomes

zero while the hydrostat!c equnlbr_lum 1S preser_v_ed; In this note an elementary review on the concept of spi-nodal
P=2y/rrit, Where rejt is the radius of the critical nucleus. decomposition was given. The nucleation and growth
When r>rerir the nucleus grows and when r<reit it collapses mechanism was also presented. Comparing the two proc-esses it
because_the pres_sure exe_rted by the sur_fa_ce is greater than is evident that nucleation is large in degree and small in extent
P. By introducing rerit in €q.(4) the minimum work Wmin  while spinodal is small in degree and large in ex-tent. In Fig.2
required to form that critical nucleus is given as: and 3 the evolution of the density profiles at various stages of
the processes was drawn. It is noted that spinodal decomposition
4 2 results to a high interconnectivity of the two phases. However,

Wmin =— 3 Mrerit Y- the morphology of the resulted
(5) separation is only an indication that spinodal
decomposition has taken place [9]. Nucleation may also
produce high inter-connectivity [10]. Besides, fractal
morphology is possible to be induced by both processes.
For instance a fractal flake that grows is an example of a
fractally nucleation process whereas a twin-dragon
Peano curve that thickens is an ex-ample of a fractally

Figure 3 depicts the spinodal decomposition mechanism [5].
Cahn and Hilliard [6] utilize the van der Waals equation for the
energy of binary mixture [7] to develop a model for spinodal
decomposition through Fick’s law of diffusion.

oC of 2 spinodal process [11].
at =M 7 Vv Cg - 2MkV*Cg ,
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